The quantization of two-dimensional Hořava theory of gravity without the projectability condition is considered. Our study of the Hamiltonian structure of the theory shows that there are two first-class and two second-class constraints. Then, following Dirac we quantize the theory by first requiring that the two second-class constraints be strongly equal to zero. This is carried out by replacing the Poisson bracket by the Dirac bracket. The two first-class constraints give rise to the Wheeler-DeWitt equations, which yield uniquely a plane-wave solution for the wavefunction. We also study the classical solutions of the theory and find that the characteristics of classical spacetimes are encoded solely in the phase of the plane-wave solution in terms of the extrinsic curvature of the foliations t =Constant, where t denotes the globally-defined time of the theory.
I. INTRODUCTION
The study of two dimensional quantum gravity has been a favorite playground for theoretical physicists who are engaged in reconciling the principles of quantum mechanics with gravity at high energies. Given the insurmountable difficulties one faces when attempting to quantize gravity in the usual four dimensions, it is pragmatic to try to gain some insights by studying the lower dimensional models which are simpler yet share some interesting features with the four dimensional theory. This kind of approach has helped us earlier in understanding the other three fundamental interactions of nature. In fact, the dynamical gauge symmetry breaking was first understood in the two dimensional model of quantum electrodynamics due to Schwinger [1] and the large-N behavior of non-Abelian gauge theories was first found in the solution of two dimensional quantum chromodynamics [2] . Even the modern approach to string theory was born with Polyakov's observation [3] that a firstquantized string propagating in d -dimensional flat target space can be described as a theory of d free scalar fields coupled to two dimensional quantum gravity [4] . So one hopes that quantizing gravity in two dimensions is a worthwhile exercise in order to understand its four dimensional counterpart. See the references [5] [6] [7] for review of such efforts.
One of the reasons that 2d quantum gravity became so popular is that it is a theory on the world-sheet of both "critical" as well as "non-critical" string theories. Following Polyakov [3] , two different approaches to 2d quantum gravity emerged. The first one is called Liouville approach [8] , which is formulated in the continuum 2d spacetime; the second approach is based on a discretisation of 2d random surfaces and described in terms of matrix models [9] . The classical Liouville theory was extensively studied at the end of the last century in connection with the uniformization problem for Riemann surfaces. An interesting feature of Liouville theory is that it can be quantized as a conformal field theory (CFT), implying in particular that the space of states forms a representation of the Virasoro algebra. Liouville theory seems to be a kind of universal building block for a variety of models for two dimensional gravity and non-trivial backgrounds in string theory. On the other hand, matrix models provide explicit non-perturbative solutions of 2d quantum gravity and/or strings in spacetimes with dimensions less than or equal to two. For a summary of the Liouville theory and the matrix models, we recommend the reader to the review [10] .
In general relativity, there is no non-trivial gravitational dynamics in spacetime dimensions lower than four. In three dimensions, Riemann tensor is proportional to Ricci tensor and the source-free theory is trivial. In two dimensions the Einstein tensor vanishes and the EinsteinHilbert action is a topological invariant. So the equations of motion do not exist and hence one cannot formulate a meaningful theory. This was remedied by a proposal from Teitelboim [11] and Jackiw [12] . They independently suggested that an appropriate geometrical model for two dimensional gravity is the constant curvature equation, (2) R−2Λ = 0, which is the natural analog of the vacuum Einstein equations with a cosmological constant, where (2) R denotes the two dimensional Ricci scalar of the spacetime. To quantize the theory, one would need a local action principle from which this equation can be derived. It is also expected that such an action be general covariant if it were to be useful to understand the fourdimensional gravity. They found that the only invariant action is the non-geometric action involving a scalar field Φ as a Lagrange multiplier S = d 2 x Φ √ −g (2) R − 2Λ , that yields the desired equation upon varying with respect to Φ. The exact solution of this model was found by Henneaux [13] .
In this paper, we examine the two-dimensional version of Hořava-Lifshitz (HL) theory without projectability [14] , where we extend the canonical quantization techniques we earlier employed in the projectable version of the theory [15] to the non-projectable case. The paper is organized as follows. We give a basic set-up of the twodimensional HL theory without projectability in Section II and discuss its classical solutions in Section III. Section IV is the heart of this paper in which we study the Hamiltonian structure and canonically quantize the theory, while in Section V we summarize our main conclusions. Before proceeding further, we note that quantization of the 2d HL theory was also studied in the framework of causal dynamical triangulations [16] .
II. 2D NON-PROJECTABLE HOŘAVA-LIFSHITZ GRAVITY
The general gravitational action of the HL gravity is given by,
where N denotes the lapse function in the Arnowitt-Deser-Misner (ADM) decomposition [17] , and g ≡ det(g ij ), here g ij is the spatial metric defined on the leaves t = Constant. L K is the kinetic part of the action, given by
, where λ is a dimensionless constant, and K ij denotes the extrinsic curvature tensor of the leaves t = constant, given by
Hereġ ij ≡ ∂g ij /∂t, ∇ i denotes the covariant derivative of the metric g ij , and N i the shift vector, with N i ≡ g ij N j . On the other hand, L V denotes the potential part of the action, and is made of R, ∇ i and
, where a i ≡ N ,i /N and R denotes the Ricci scalar of the leaves t = Constant, which identically vanishes in one-dimension, i.e., R = 0. Powercounting renormalizibility condition requires that L V should contain spatial operators with the highest dimensions that are not less than 2z, where z ≥ d [14, 18] , and d denotes the number of the spatial dimensions. Taking the minimal requirement, that is, z = d, we find that in the current case (d = 1) we have L V = 2Λ − βa i a i , where Λ denotes the cosmological constant, and β is another dimensionless coupling constant.
Collecting all the above together, the gravitational action of the HL gravity in (1 + 1)-dimensional spacetimes can be cast in the form,
where γ ≡ √ g 11 , γ ′ ≡ ∂γ/∂x, and
with
Regarding to the above general action (1), it is interesting to note that, in a particular gauge, the so-called T -gauge [19, 20] , in which the aether field u a can be written as [21] , u a = t ,a / −t ,b t ,b , where t is the global time introduced above in the HL gravity, the action of the 2d Einstein-aether theory [22] is identical to the action (1). It should be noted that this identification is only in the action level, as the two theories have different gauge symmetries, and the 2d HL theory is only a gauge-fixed form of the 2d Einstein-aether one. Contrary examples can be found in [20, 23] .
III. CLASSICAL SOLUTIONS
The line element in terms of N, N 1 and γ, takes the form 1 ,
with the gauge freedom,
where ξ 0 (t) and ξ 1 (t, x) are arbitrary functions of their indicated arguments. Variations of the the action Eq.(1) with respect to γ, N and N 1 yield respectively the following equations
and K ′ = 0. Thus, we have K = K(t). Using the gauge freedom (4), we can always set N 1 (t, x) = 0, without loss of the generality. It should be noted that this gauge choice does not completely fix the gauge freedom, and the remaining one is,
With the gauge N 1 = 0, Eq.(2) reduces to, K(t) = −γ/(N γ), while Eqs. (5) and (6) reduce to
where
where c 1 (t) is an arbitrary function of t only. On the other hand, from Eqs. (8) and (9), we find that
from which, together with Eq.(10), we find, N (t, x) = N 0 (t)N (t, x), whereN (t, x) = 2 cosh 2 ∆(t, x) and N 0 (t) = (λ − 1)K/[βg(t)]. Using the remaining gauge freedom of Eq. (7), we can always absorb the factor N 0 (t) into t ′ , so the lapse function finally takes the form,
Inserting it, together with y given by Eq. (10), into Eq. (11) we find thaṫ
where η ≡ 2Λ/(λ − 1). WhenK = 0, Eq. (13) has the solution, K = ± √ η. Clearly, for K to be real, we must assume η ≥ 0. Then, from (12) we find that g(t) = 0 and N (t, x) = 2. Redefining t, we can always set N = 1. Then, from Eq.(11) we find that γ(t, x) = γ 0 (x)e ∓2 √ η(t−t0) , where γ 0 (x) is an arbitrary function of x, and t 0 is a constant. Using the gauge residuals of Eq.(7) we can always set γ 0 (x) = 1 and t 0 = 0, so the corresponding metric finally takes the form,
which is nothing but the de Sitter spacetime. WhenK = 0, Eq.(13) has a solution, K(t) = − √ η tanh √ η(t − t 0 ) , from which we find that, g(t) = −(2Λ/β) cosh −2 √ η(t − t 0 ) . On the other hand, combining Eqs. (11) and (12) we finḋ
where ∆(t, x) is given by Eq.(10).
IV. HAMILTONIAN STRUCTURE AND CANONICAL QUANTIZATION
Now, let us turn to the Hamiltonian structure and canonical quantization. For such a purpose, in this section we shall not restrict ourselves to any gauge. Then, from the action (1) we find that the canonical momenta are given by,
with K given by Eq.(2). After Legendre transformation, the Hamiltonian density is given by,
where σ and σ 1 are the Lagrangian multipliers. Then, the Hamiltonian takes the form,
Now, the preservation of the primary constraints, π N ≈ 0 and π N1 ≈ 0, gives us the secondary constraints. By evaluating the poisson brackets we finḋ
Here
Rearranging the Hamiltonian in terms of the constraints, we end up with
In the following analysis, we will drop the last surface term. By straightforward calculations, we can obtain the structure functions of the constraints, which are given by,
Clearly, H 1 and H 2 don't commute with each other on the constraint surface due to the last three terms in the right-hand side of Eq. (20) (all the functions at the righthand side of this commutator are functions of x). In addition, we also have
So, π N and H 2 don't commute either. In this case, we need to define a new constraint via the relation,
As it turns out thatH 1 commutes with both H 2 and π N on the constraint surface, and their structure functions are given by,
Correspondingly, the Hamiltonian now takes the form 2 ,
Then, one can show that π N1 ≈ 0 andH 1 ≈ 0 are the first-class constraints, while π N ≈ 0 and H 2 ≈ 0 are the second-class constraints. These constraints are preserved under time evolution. So, the physical degrees (N ) of freedom of the theory per spacetime point is given by
Here dimP means the dimension of the phase space, and N 1 (N 2 ) denotes the number of first-class (second-class)
constraints. It is interesting to note that N is not equal to −1, as in the usual 2d relativistic case [13] , due to the new gauge symmetry (4) of the theory. It is also interesting to note that in the projectable case the physical degrees of freedom is also zero [15] . Now we proceed to the canonical quantization of the system by following Dirac [26] . First, for the two secondclass constraints π N ≈ 0 and H 2 ≈ 0, we can make them strongly equal to zero,
by simply adopting Dirac's bracket, instead of the Poisson one. The first condition is actually empty, while from the second condition we can express N as a functional of γ and π by solving the equation H 2 = 0, where H 2 is given by Eq. (18) . The general solution is given by
where N 0 (t) is an integration function of t only, and y(t, x) is given by Eq. (10) . As a result, we can drop N and π N by going to the "reduced" phase space spanned by (N 1 , π N1 ; γ, π). However, the phase space can be further reduced by noting that the first-class constraint π N1 ≈ 0 simply yields,
that is, the wavefunction ψ will not depend on N 1 and π N1 . Then, the reduced phase actually becomes twodimensional, spanned by γ and π.
On the other hand, with the first condition (23), the first-class constraintH 1 ≈ 0 reduces to H 1 ≈ 0, as one can see from Eq. (21) . This in turn implies,
where α(t) ≡ 2ζ 2 (λ − 1)K(t). Then, the corresponding Wheeler-DeWitt equation takes the form,
which has the general (plane-wave) solution,
Here, L ≡ L(t) is the gauge-invariant length, defined as [15] ,
where x = ±L ∞ represent the boundaries of the onedimensional spatial space. The integration "constant" ψ 0 in general is a function of t. But, the normalization condition,
, where β(t) is real and otherwise arbitrary function of t only. However, without loss of the generality, we can always set β(t) = 0.
V. CONCLUSIONS
In this paper, we have studied the quantization of 2d Hořava theory of gravity without the projectability condition, that is, the lapse function N in general is a function of both time and space, N = N (t, x). The classical solutions have been studied in some detail and shown that the extrinsic curvature of the leaves t = Constant is always independent of the spatial coordinate. In the case of a constant extrinsic curvature the corresponding spacetime is de Sitter, while in the general case, the dynamical variable γ(t, x) satisfies a master equation given by Eq. (15) . Once γ is known, the rest of metric coefficients can be found algebraically.
Our investigation of the Hamiltonian structure of the theory shows that the system consists of two first-class and two second-class constraints. As a result, the number of total degrees of freedom is zero. Following Dirac [26] , we have first turned the two second-class constraints into strong ones, by requiring that they be strongly equal to zero, from which we can express the lapse function N as a functional of the canonical variable γ and its momentum conjugate π, so the phase space is reduced from six-to four-dimensions, spanned by (N 1 , π N1 ; γ, π). But, one of the two first-class constraints further tells us that the actual dimension of the phase space is two, since the wavefunction of the system is independent of the shift vector N 1 and its momentum conjugate π N1 . As a result, the corresponding Wheeler-DeWitt equation simply takes the form of Eq. (25) and has a plane-wave solution (26) , in terms of the gauge-invariant length L(t) defined by Eq.(27). Therefore, similar to the projectable case [15] , this system is also quantum mechanical in nature. This is understandable, as this system too has zerodegree of freedom. However, what is a bit surprising is that the corresponding Wheeler-DeWitt equation simply yields the plane-wave solution.
In addition, the classical spacetimes do not play important role in the process of quantization. In particular, it does not matter whether the classical background is de Sitter or not, the wavefunction is always a plane-wave solution. The only effects of the classical backgrounds are encoded in the phase of the plane-wave, in terms of the extrinsic curvature K(t) of the leaves t =Constant, where t is the time coordinate, with which the spacetime is foliated globally.
